ABSTRACT. We consider compact Riemann surfaces Σ g with genus at least 2. We explain the relation between the Reidemeister torsion of Σ g and its period matrix.
Introduction
Reidemeister torsion is a topological invariant and was first introduced by Reidemeister [13] in 1935. He classified 3-dimensional lens spaces by using this combinatorial invariant of CW-complexes. Later, Franz [6] generalized Reidemeister torsion and classified the higher dimensional lens spaces; namely, S 2n+1 /Γ where Γ is a cyclic group acting freely and isometrically on the sphere S 2n+1 . In 1964, de Rham [5] extended the results of Reidemeister and Franz to the spaces of constant curvature 1. To be more precise, two isometries of S n are diffeomorphic if and only if they are conjugate of each other by an isometry.
The topological invariance of the torsion for manifold was proved in 1969 by Kirby and Siebenmann [8] . For arbitrary simplicial complex it was proved by Chapman [3, 4] . Thus, the classification of lens spaces of Reidemeister and Franz was actually topological (i.e. up to homeomorphism).
In 1961, by using the torsion, Milnor disproved Hauptvermutung. He constructed two homeomorphic but combinatorially distinct finite simplicial complexes. Later in 1962, Milnor [9] identified the Reidemeister torsion with Alexander polynomial. Since then, as a topological invariant, torsion has a very useful application in knot theory and links.
We ( [14] ) presented an explanation of the claim mentioned ( [15, pp. 187] ) about the relation between a symplectic chain complex with ω-compatible bases and Reidemeister torsion of it (Theorem 2.2). We also ( [14] ) applied Theorem 2.2 to the chain-complex 0 → C 2 (Σ g ; Ad )
where Σ g is a compact Riemann surface of genus g > 1, :
is discrete and faithful representation of the fundamental group π 1 (Σ g ) of Σ g , where PSL 2 (R) = SL 2 (R)/{±I}, SL 2 (R) is the 2 × 2 real matrices with determinant 1, where C p (Σ g ; Ad ) is (locally) C p (Σ g ; R) ⊗ sl 2 (R), and where sl 2 (R) denote the 2 × 2 trace-zero matrices with real entries.
In the present article, compact Riemann surfaces Σ g of genus at least 1 are considered and the relation between the Reidemeister torsion and its period matrix is proved. The main result is:
Let K be a cell decomposition of the compact Riemann surface Σ g with genus g ≥ 1, and let for p = 0, 1, 2, c p be the geometric bases of The organization of the paper is as follows. In §2, we explain Reidemeister torsion of a general chain complex and provide the basic facts about it. The symplectic chain complex associated to even dimensional manifolds M 2m with m odd is explained in §3. As an application, we also provide the proof of Theorem 1.1.
Reidemeister torsion of a chain complex
We give the necessary definitions and explain the basic facts about the Reidemeister torsion in this section. For more information, we refer the reader [12, 14, 15] and the references therein.
We reserve k to denote the field R or C. 
where [e p , f p ] denotes the determinant of the change-base-matrix from the basis f p to e p of C p .
In [10] , Milnor proved that torsion is independent of the bases b p , the sections s p , p . If c p , h p are some other bases for C p and H p respectively, then an easy computation gives the following change-base-formula: By the Zig-Zag Lemma, for the short-exact sequence of chain complexes
there is also the long-exact sequence of vector space C * of length 3n + 2. More precisely,
3)
, and h p (B * ) serve as bases for C 3p , C 3p+1 , and C 3p+2 , respectively. The following theorem is due to Milnor and states that the alternating product of the torsions of the chain complexes in (2.2) is equal to the torsion of (2.3). Namely:
YAŞAR SÖZEN
In [1] , [14] , it is independently explained that a general chain complex can (unnaturally) be splitted as a direct sum of two chain complexes, one of which is exact and the other is ∂-zero. Moreover, it is proved independently in [ . For the details, we refer the reader to [1] , [14] .
To be more precisely,
and
Using the ∂-compatibility of the non-degenerate anti-symmetric bilinear maps In a similar manner, considering [ω p,q−p ] :
By using ω-compatible bases c p , we showed in [14] that a general symplectic chain complex C * can be splitted ω-orthogonally as a direct sum of an exact and ∂-zero symplectic complexes. We also proved Theorem 2.2, one of the main results of [14] . More precisely: 
For detailed proof, we may refer the reader to [14] .
Application
In this section, we apply the results of §2 to compact Riemann surfaces Σ g of genus g ≥ 1 and explain the relation between the Reidemeister torsion and the intersection number pairing of Σ g . We refer the reader to [7, 14, 15] for unexplained subjects.
The torsion of a manifold
If M n is an n-manifold, K is a cell-decomposition of M n with the geometric basis c p = {c 
where ∂ p denotes the boundary operator.
Following similar arguments as in [14, Lemma 2.0.5], one can prove:
Therefore, for an n-manifold M n , if K is a cell-decomposition of M n and for each p = 0, . . . , n, c p = {c 
Symplectic chain complex for a manifold
In this subsection, symplectic chain complex associated to a compact even dimensional manifold M is explained.
Let M 2m with m odd be a compact oriented 2m-manifold. If K is a cell decomposition of M 2m , then let K be the corresponding dual cell-decomposition of M 2m associated to K. The dual cell-decomposition K can be obtained as follows. Let K = {σ 
where ∂ denotes the boundary operator.
In the above, (1) follows from the similar property of the intersection index, and (2) follows from 
If we set
One can easily extend the intersection number pairings to homologies
Poincaré duality gives the following commutative diagram
where ∧ k,2m−k denotes the wedge product.
Proof of main theorem
In this subsection, we apply the above to compact Riemann surfaces Σ g of genus g ≥ 1 and prove our main result.
Let K be a cell decomposition of the compact Riemann surface Σ g with genus g ≥ 1, and let for p = 0, 1, 2, c p be the geometric bases of 
Let K be the dual cell-decomposition of Σ g corresponding to the cell-decomposition K of Σ g , let c p be the basis for C p (K ; Z) corresponding to the basis c p of C p (K; Z).
As explained in Section §3. 
